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Abstract
By integrating frictional sorting into the neoclassical framework with post-match
investment by firms, this paper analyzes the social optimum and the equilibrium.
A main theoretical result is that post-match investment restores positive assortative
matching (PAM) to the social optimum in the long run, but increases the likelihood
of negative assortative matching (NAM) at the beginning of a match. The stronger
is the complementarity between capital and the skill in production, the more likely is
NAM to occur at the beginning of a match. I calibrate the model to show that sorting
is NAM initially but becomes PAM on average over time. Workers with a higher
skill have higher labor productivity and wages throughout the match. They also
have steeper time profiles of these variables. There is sizable within-skill inequality
in labor productivity and wages. Moreover, an increase in the matching eﬃciency
reduces the labor share and increases the skill premium.
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1. Introduction
A cornerstone of the neoclassical theory is a production function in which capital and labor
are complementary with each other. With such complementarity, social eﬃciency requires
more capital to be allocated to workers with higher skills. In the terminology of matching
or assignment, capital and worker skills should have positive assortative matching (PAM).
This result is well known when there are no matching frictions (Becker, 1973). When
matching frictions exist, neither does PAM necessarily maximize social welfare (Shi, 2001,
2005), nor is PAM necessarily an equilibrium outcome (Shimer and Smith, 2000). Because
matching frictions are significant, as evidenced by the existence of persistent unemployment, the failure of PAM casts serious doubt on the neoclassical theory of production.1
The potential ineﬃciency of PAM arises from the tradeoﬀ between the matching rate
and productivity. PAM increases labor productivity, but can reduce the matching rate for
high skills. The reason is that the vacancy cost increases in the capital stock, as a firm
must put some of the capital in place before hiring a worker. PAM increases the vacancy
cost for hiring a high skill. If the vacancy cost increases suﬃciently in the capital stock,
negative assortative matching (NAM) can increase social welfare. By reducing the capital
stock for a vacancy targeting a high skill, NAM increases the number of vacancies and,
hence, the matching rate for a high skill.
This intuitive explanation applies to the sorting pattern when a match is formed. However, the capital stock a firm allocates to a worker is not a fixed eﬀect. Hiring a worker is
only the beginning of a match. After the hiring, a firm can invest to increase the capital
stock. The average sorting pattern over time may be opposite to that at the beginning
of a match. To understand and identify dynamic sorting between capital and labor, it is
necessary to integrate post-match investment by firms into a model of frictional matching.
Moreover, such an integrated model can be useful for understanding the source and the
dynamics of endogenous heterogeneity in the earnings profile between skills and within
1

A growing empirical literature has been investigating the extent of PAM in the data. While some have
found little evidence for PAM between workers and firms (e.g., Abowd et al., 1999), others have found
strong evidence for PAM (e.g., Hagedorn et al., 2017).
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each skill. It is surprising that the voluminous research on sorting has not constructed
such an integrated model.2
The contribution of this paper is to integrate frictional sorting into the neoclassical
framework with post-match investment by firms to analyze the social optimum and the
equilibrium. On the theoretical side, I prove that post-match investment restores PAM to
the social optimum in the long run, but increases the likelihood of NAM at the beginning of
a match. The stronger is the complementarity between capital and the skill in production,
the more likely is NAM to occur at the beginning of a match. On the quantitative side, I
calibrate the model to show that the model provides a unified mechanism for explaining
several facts such as the heterogeneous slope of the earnings profile, within-group inequality,
and the declining labor share.
Section 2 describes the model. Workers are heterogeneous in a permanent and observable type, called the skill. All firms have the same production technology to combine a
worker with capital to produce output. Capital and skills are complementary in production. A worker’s productivity is measured by net output, defined as output in a match
minus the rental cost of capital. Firms rent capital from the rest of the world at a constant
rental rate. They can create vacancies with diﬀerent levels of capital to target diﬀerent
skills, i.e., to direct workers’ search. The vacancy cost increases in the initial capital stock
for the job. After filling a vacancy, the firm chooses investment to adjust the capital stock,
with an adjustment cost as in the neoclassical theory (e.g., Lucas, 1967, Gould, 1968). An
employed worker separates from a match into unemployment at an exogenous rate. To
focus on dynamic sorting inside a firm, I abstract from on-the-job search.3
In section 3, I characterize the social optimum that maximizes the sum of expected
surpluses with the same matching frictions as in the market. For unemployed workers, the
planner chooses the number of vacancies and the capital stock for each vacancy to target
each skill. The choice of the number of vacancies is equivalent to the choice of a matching
2

For a survey on sorting models, see Chade et al. (2017). For a list of papers on identifying sorting in
the data, see Hagedorn et al. (2017).
3
In another paper (Shi, 2018), I have incorporated on-the-job search into a model with post-match
investment, but abstracted from worker heterogeneity and sorting.
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rate for each skill level of unemployed workers. The capital stock chosen for a vacancy
determines the initial assignment of capital to the skill. For employed workers, the planner
chooses investment and, hence, the dynamic path of the capital stock in the match.
Post-match investment aﬀects the assignment in all stages of a match. Specifically, the
option to invest after a match is formed reduces the need for PAM at the time of hiring.
The higher is investment expected to be, the larger is the gain from employing a high
skill quickly, and the lower is the initial capital stock assigned to match with a high skill.
Of course, investment is endogenous: it is higher for a high skill and increases with the
complementarity. Thus, stronger complementarity between capital and the skill increases
the likelihood of NAM in the initial assignment. In contrast, in sorting models without
post-match investment, increasing the complementarity increases the likelihood of PAM.4
Post-match investment follows dynamics described in a macroeconomic textbook. Given
the skill in the match and the initial assignment, there is a unique stable saddle path of the
capital stock that converges asymptotically to the final assignment. The final assignment
is neoclassical and hence PAM, because it equates the marginal productivity of capital to
the rental rate of capital.
The social optimum yields interesting predictions on the time profile and the distribution of labor productivity measured by net output. Suppose that capital and the skill
are strongly complementary so that the initial assignment is NAM. Because of the initial
NAM, a high skill has a lower capital stock initially than a low skill has. But because
the final assignment is PAM, the path of the capital stock for a high skill will eventually
overtake that for a low skill. Thus, the time profile of net output is steeper for a high skill
than for a low skill. The assignment of capital to labor reduces initial dispersion in net
output between skills, but amplifies dispersion eventually. There is also dispersion in net
output within each skill. For the same skill, the longer has a worker been employed, the
higher is the capital stock, and the higher is net output of the worker. This distribution of
4

In this model, firms delay some investment and NAM can arise not because firms first hire workers
and then figure out who their workers are. To the opposite, because search is directed, all firms know
exactly the skill they will be matched with. NAM arises precisely because firms oﬀer each skill with the
optimal tradeoﬀ between the initial capital stock and the matching rate.
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capital stocks among workers of the same skill gives rise to two notions of overall sorting
in the economy. PAM-D is the first-order stochastic dominance in the distribution and
PAM-M is the increasing mean of the distribution. Section 4 provides the conditions for
each notion of PAM to hold.
Section 5 characterizes the market equilibrium that implements the planner’s allocation.
In the market, recruiting firms create vacancies and direct workers’ search. For each skill,
an oﬀer consists of the expected lifetime utility to a worker and the initial capital stock
of a job. After a match is formed, the firm chooses investment, and the two sides bargain
over wages to deliver the lifetime utility promised to the worker.
I calibrate the model in section 6 to illustrate several quantitative results. First, the
initial assignment is NAM, and the matching rate increases in the skill. Second, the withinskill mean of the capital stock increases in the skill; i.e., PAM-M holds. Convergence toward
the neoclassical final state exerts a strong force on dynamic sorting by reverting the pattern
from NAM to PAM in the transition. However, the mean of the capital stock for each skill
is substantially lower than in the final state. Thus, the model’s quantitative behavior diﬀers
significantly both from frictional sorting models without post-match investment and from
the neoclassical model without matching frictions.
Third, despite the initial NAM, workers with a higher skill have higher net output and
wages throughout the match. They also have steeper profiles of these variables over time.
In any cohort of workers who become employed at the same time, the variance in net output
increases over time. The model provides an explanation for the empirical regularity that
the heterogeneous slope of the earnings profile is an important source of earnings inequality
over the life cycle (see Guvenen, 2007). The fanning-out of wages over time between skills
is consistent with the evidence that the variance in earnings among workers increases over
the life cycle (e.g., Deaton and Paxson, 1994, Guvenen, 2007).
Fourth, the model generates significant inequality in net output and wages within each
skill. Weighted by the employment share of each skill, the average within-skill coeﬃcient
of variation is 022 in net output and 017 in wages. The average mean-min ratio within a
4
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skill, a measure of inequality proposed by Hornstein et al. (2011), is 23 in net output and
175 in wages. Such within-group inequality is comparable to the one observed in the U.S.
data but much higher than in most search models (see Hornstein et al., 2011).
Finally, an increase in the matching eﬃciency reduces the labor share and increases the
skill premium, as explored in section 6.5.
There is a large literature on sorting originated in Becker (1973). As mentioned earlier
in this Introduction, the literature has treated the firm type as a fixed eﬀect and focused
on sorting at the time of a match. Also, a small number of recent papers (e.g., Lise and
Robin, 2017) have examined dynamic sorting of workers across firms through on-the-job
search. They, too, assume that the firm type is a fixed eﬀect. In contrast, in this paper,
the capital stock is an endogenous type of a firm.
Some papers have examined the eﬀect of pre-match investment on sorting, e.g., Burdett and Coles (2001), Peters and Siow (2002), Chade and Lindenlaub (2017). Pre-match
investment is intended to increase the probability of matching with the desired type. Because investment ends with the formation of a match, these models do not provide a theory
of how sorting or within-group inequality changes over time after a match is formed. In
contrast, post-match investment is intended to increase productivity within a match. It
tends to make the initial assignment NAM and generates dynamics of sorting over time.5

2. The Model
2.1. Model Environment
Time is continuous with an infinite horizon. There is a unit measure of risk-neutral workers
whose time discount rate is  ∈ (0 ∞). Workers diﬀer in an exogenous type , which lies
in a compact set H with min H =   0 and max H =   ∞. The cumulative
distribution function of  is . Competitive entry determines the measure of firms. Firms
are homogeneous ex ante but become heterogeneous ex post in the capital stock, . A
5
This paper is related to the literature on directed search, e.g., Peters (1991), Montgomery (1991),
Moen (1997), Julien et al. (2000), and Burdett, Shi, Wright (2001). For the use of directed search in
sorting models, see Shi (2001, 2002, 2005) and Eeckhout and Kircher (2010).
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firm needs one worker, as in most models of labor market search. I refer to  as the skill,
to  as a firm’s (endogenous) type, and to a match between the capital stock  and the
skill  as a ( ) match. In a ( ) match, the output flow is ˜ ( ). The function ˜ is
twice diﬀerentiable, strictly increasing and concave in  and , with ˜ (0 ) =  ( 0) = 0,
˜1 (0 ) = ˜2 ( 0) = ∞, and ˜1 (∞ ) = ˜2 ( ∞) = 0, where the subscripts indicate
partial derivatives. In addition, ˜12 ( )  0 so that  and  are strictly complementary
with each other in production.
A firm rents capital from the rest of the world at a constant rental rate . Net output in
a ( ) match is defined as  ( ) = ˜ ( )−, and is referred to as labor productivity in
the match. For each , assume that there is a unique final stock of capital, ∗ () ∈ (0 ∞),

such that 1 ( ∗  ) = 0 and  ( ∗  )  0. This is the optimal capital stock for skill  in
the neoclassical theory when the labor market is frictionless. Denote  ∗ () =  (∗ ()  ).
For an unemployed worker, home production is  ≥ 0, which is constant over time.6
A firm chooses the time path of capital stocks. At the time of hiring, a firm can choose
any capital stock  but must rent at least a fraction of capital in advance for the job. The
flow cost of a vacancy, denoted as  (), includes this rental cost of capital and other costs

of the vacancy. The vacancy cost satisfies 0 ()  0 and 00 ()  0 for all   0, with
 (0) = 0 (0) = 0. The assumptions 0  0 and 00 ≥ 0 are easily satisfied because the
rental cost of capital for a vacancy is linear in . Strict convexity of  is not critical for
the analytical part of the paper other than easing the task of ensuring uniqueness of the
social optimum, but it is important for the quantitative analysis. Strict convexity of  is
realistic. In addition to the rental cost, a firm may need to incur costs to maintain vacant
capital rented for a vacancy. The marginal cost of such maintenance can be increasing.
More broadly, one can interpret a job with a higher  as a better job, as in Acemoglu
(2001), because such a job yields higher output for any given skill. The better is a job, the
increasingly more resources a firm needs to devote to recruiting.
Once a vacancy is filled, the match generates output. A firm can adjust the capital
6

The qualitative results are similar if home production depends on , provided that 2 ( )−0 ()  0.
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stock by undertaking investment, denoted as . The capital stock evolves according to
d ()
= 
d

(2.1)

It is costly to put new capital to work together with existing capital. The adjustment cost
of investment is  (), which has the standard properties:  (∞) = ∞,  (0) = 0 (0) = 0,

0 ()  0 for all   0, and 00 ()  0 for all  ≥ 0. With the adjustment cost, a firm can

adjust the capital stock of an existing job only smoothly. To focus on capital accumulation,
instead of decumulation, I assume  () = 0 () = 0 for all   0 so that there is no
adjustment cost to reduce the capital stock. This assumption is unimportant for the
analysis because  ≥ 0 in the entire duration of a match.7 Note that vacancy creation is
a unique time in a firm’s capital formation — it is the only time when the firm can choose
whatever level of capital instantaneously.
Investment is perfectly reversible, because a firm can reduce the capital stock to 0 at
no cost and return all capital to the owner at the full value. However, investment is only
partially transferable between jobs. To move capital from one job to another filled job, a
firm must incur the adjustment cost at the destination. To move capital from one job to
a vacancy, a firm must incur the vacancy cost. In both cases, moving capital between two
jobs directly is equivalent to moving capital indirectly through the lender of capital. Under
such partial transferability of capital between jobs, a firm can be interpreted alternatively
as a collection of independent jobs, as in most search models of labor.
Unemployed workers search for jobs. Firms can direct workers’ search by oﬀering a
matching rate and a capital stock to each skill. The searchers of the same skill and the
vacancies targeting them form a submarket. In any submarket where the matching rate for
a searcher is , the number of vacancies per searcher is  (), and the matching rate for a
vacancy is  () =


.
()

The function  () summarizes matching frictions and is implied by

a matching function. Precisely, if the matching rate function for a searcher is  (), then
7

Job separation is the only time when a firm reduces the capital stock. If there is a cost to reduce the
capital stock, a firm may choose a lower capital stock in anticipation of job separation.
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 () is the inverse function of  . Let ̄ ≤ ∞ be the natural upper bound on . Assume:
 0 and 00 ()  0 for all  ∈ (0 ̄)
0 ()  ()

= ∞
 (0) = 0 0 (0) ∈ (0 ∞)  and lim→̄ ()


Denote  () =

0 ()
()

( 1).8

A match separates exogenously at a rate  ∈ (0 ∞), which makes the worker unemployed. A firm can recover the capital at a vacant job fully and return it to the owner.
2.2. Planner’s Problem
The social planner chooses job search for unemployed workers and post-match investment
for firms to maximize the sum of expected surpluses, subject to search frictions and the
process (2.1). To describe the planner’s problem, let  ( ) be the social value of a ( )
match, and  () the social value of an unemployed worker of skill . Focus on the steady
state where the value functions change over time only when  changes.9 Because a worker’s
skill and home production are constant over time,  () is constant over time.
For each skill , the planner chooses a particular submarket ( ) to direct unemployed
workers’ search, where  is the matching rate for a worker and  the capital stock of a
vacancy. To deliver the matching rate , the number of vacancies per searcher must be
 (). Each vacancy incurs a flow cost  (). Because a searcher of skill  finds a match
at the rate  and a ( ) match yields the social value  ( ), the expected surplus of
the match is  [ ( ) −  ()]. Deducting the vacancy cost from this expected surplus
yields the expected social surplus of search. The socially eﬃcient choices ( ) maximize
the expected social surplus of search and yields:
 () =  + max { [ ( ) −  ()] −  ()  ()} 
()

(2.2)

Denote the optimal choices by the policy functions, ( ()   ()). The function  describes
the initial assignment of capital to the skill.
8

Since  ( ()) =  for all , the assumptions on  () are equivalent to the following assumptions on
and  00 ()  0 for all   0,  (0) = 0,  0 (0) ∈ (0 ∞), and lim→∞  ()
 (): 0   0 ()   ()

 = 0.
9
If search is random instead, value functions can be nonstationary because a worker’s acceptance set
for a match may exhibit cycles (see Shimer and Smith, 2001). This does not occur when search is directed,
because firms and workers can choose which type to search for.
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In a new match between a firm and a skill- worker, the capital stock is  (0) =  ().
Suppose that the match has lasted for a length of time  , resulting in a capital stock  ( ).
At  , the planner chooses the path of investment, { ()}≥ , to maximize the social value
of the match. At any  ≥  , the benefit of investment  () is the increase in the social
value  ( ()  ) resulting from a higher capital stock. The adjustment cost of investment
is  ( ()). Thus, for any  ≥  , investment maximizes the return on investment and yields:
"

#

d
 ( ()  ) −  ( ()) 
( + )  ( ()  ) =  ( ()  ) +  () + max
()
d

(2.3)

subject to the constraint (2.1). The eﬀective discount rate on a match is ( + ). The
social return to the match, given by the right-hand side of (2.3), is the sum of net output
in the match, the expected value of exogenous separation, and the maximized social return
on investment.10 It is useful to express the planner’s choice of investment as a choice of
the path { ()}≥ . Integrating (2.3) over time generates:
 ( ( )  ) = max

{()}≥

Z ∞


[ ( ()  ) +  () −  ( ())] −(+)(− ) d

(2.4)

subject to (2.1) for all  ≥  . The initial capital stock at  is given as  ( ).11
There is a non-degenerate distribution of capital stocks among employed workers of
the same skill and across diﬀerent skill levels. This distribution evolves endogenously and
will be analyzed in section 4. However, the value function and the eﬃcient allocation are
independent of this distribution. That is, the allocation is block recursive, as defined by
Shi (2009) and Menzio and Shi (2010). Directed search is critical for block recursivity,
because it enables the planner to separate diﬀerent skills to search in diﬀerent submarkets.
10

An assumption implicit in (2.3) is that a firm incurs the adjustment cost to make room for new capital
but rents new capital with an instant delay. The rental cost of new capital appears in  ( (+ )  ). This
assumption makes the neoclassical final state attainable. If the rental cost of new capital is incurred
without delay, then  ( ()) should be re-interpreted as the sum of the rental cost of new capital and the
adjustment cost. In this case, 0 (0+ ) =  instead of 0, and the final stock of capital should be redefined by
1 (∗ ()  ) = ( + ) 0 (0+ ). The modifications to the analytical and quantitative results are very small.
11
The above step assumes the transversality condition: lim→∞  ( ()  ) −(+) = 0.
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3. Socially Eﬃcient Search and Investment Dynamics
I analyze the investment problem in (2.4) first and then the search problem in (2.2). For
any given , I restrict the domain of  to [0 ∗ ()] without loss of generality.12
3.1. Eﬃcient Investment and Sorting
Let  () be the current-value multiplier of (2.1) in the maximization problem in (2.4). The
Hamiltonian is:  ( ) +  () −  () + . The optimality conditions are:
for  () ≥ 0: 0 ( ()) =  () = 1 ( ()  ) .
for  () :

(3.1)

d ()
= ( + )  () − 1 ( ()  ) 
d

(3.2)

These conditions are intuitive. If optimal investment is non-negative, then it equates the
marginal cost of investment to the shadow value of capital which, in turn, is equal to
the marginal social value of capital. This is (3.1).13 Condition (3.2) requires that the
“permanent” income of a marginal unit of capital, ( + ) , should be equal to the sum
of the marginal productivity of capital and the appreciation in the value of capital.
From (3.1) and (3.2), I obtain:
d ()
1
= 00 [( + ) 0 () − 1 ( )] , if  () ≥ 0
d


(3.3)

The marginal benefit of investment is equal to the present value of the marginal productivity of capital,

1
.
+

If this marginal benefit exceeds the marginal cost of investment, 0 (),

eﬃcient investment must be high currently and, hence, declining over time. Conversely, if
the marginal benefit of investment is lower than the marginal cost, then eﬃcient investment
must be low currently and, hence, increasing over time.
Equations (3.3) and (2.1) form a dynamic system of ( ), with the initial condition
 (0) =  (). The final state of the system is (∗  ∗ ) such that ∗ = 0 and

d
d

= 0. Then,

For all   ∗ (), net output is decreasing in . Thus, it is never socially eﬃcient to have   ∗ ().
The same procedure as in Appendix A in Shi (2018) proves that 1 ( ) exists. The result 1 ( ) =
0 () for  ≥ 0 can be derived alternatively for the maximization problem in (2.3). Also, if  ()  0 is
optimal, then   ∗ (). In this case, the optimal investment is  () = −∞, which allows the capital
stock to fall by a discrete amount to reach ∗ () immediately.
12
13
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1 (∗  ) = ( + ) 0 (0) = 0, as defined earlier. To study the dynamics of sorting, I
linearize the dynamic system around the final state:14
"

dd
dd

#

"

=

 +  − 1100
1
0

#"


 − ∗

#

.

(3.4)

Let  denote the (Jacobian) coeﬃcient matrix in (3.4). The elements in  are evaluated
in the final state. The matrix  has one stable (negative) eigenvalue and one unstable
(positive) eigenvalue. The stable eigenvalue is −, where
⎧"

1⎨
411 (∗ ()  )
 () ≡ ⎩ ( + )2 −
2
00 (0)

#12

⎫
⎬

− ( + )⎭  0

(3.5)

The following proposition describes the sorting pattern in the final state and the stable
saddle path converging to the final state (see Appendix A for a proof):
Proposition 3.1. The final state has PAM, i.e., ∗0 ()  0. For any given  and the
initial condition,  (0) =  (), the unique stable saddle path of (3.4) is
"

 ()
 () − ∗ ()

#

=

"

 ()
−1

#

[∗ () −  ()] −() 

(3.6)

This implies:
 () =  ( ()  ) ≡  () [∗ () −  ()] 
Thus,  ()  0 and

d()
d

(3.7)

 0 for all  ∈ (0 ∞) if  ()  ∗ (). The speed of convergence

of the capital stock to the final state, measured by , is lower if 00 (0) is higher or if −11
is lower. Moreover,  0 ()  0 if and only if −11 (∗ ()  ) is decreasing in .

The final state has PAM because the marginal productivity of capital is equal to the
rental rate. With complementarity between the two factors of production, a higher skill
increases the marginal productivity of capital. The capital stock must increase to reduce
the marginal productivity of capital back to the level of the rental rate.
14

The complementary Appendix E computes the non-linearized model with the parameter values calibrated in section 6.1. The results are very close to those in the linearized model. In fact, the non-linearized
results indicate that the linearization under-represents the main messages of the model.
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Post-match investment is important for the final assignment to be positive assortative.
As shown later, if post-match investment is not possible, search frictions can make the
assignment “stuck” in a non-PAM or even NAM initial assignment. Post-match investment
restores PAM to the eﬃcient assignment in the long run.
Investment is positive and declines over the duration of a match, provided that the
initial capital stock is below the final stock. It is socially eﬃcient to front-load investment.
The earlier is investment undertaken, the longer is the time in which the match can benefit
from the increased capital stock.15 Investment is inversely related to the gap between the
current and the final stock (see (3.7)). As investment increases the capital stock toward
the final stock asymptotically, investment declines toward zero. The convergence speed, ,
depends on the convexity of the adjustment cost and the concavity of the output function.
If the adjustment cost is more convex in investment, the marginal cost of adjustment
increases more quickly with investment. If the output function is less concave in the
capital stock, the marginal productivity of capital diminishes less quickly. In both cases,
the capital stock increases more slowly toward the final stock.
The skill of the worker in a match aﬀects −11 (∗ ()  ) directly, and indirectly through
the final stock. In general, it is unclear whether a higher worker skill has faster or slower
convergence to the final state. However, the following example shows that for a well-known
class of output functions, the convergence is slower for a higher skill.
h

Example 3.2. Consider the CES output function: ˜ ( ) = 0  + (1 − ) 

i1

for

 ∈ (0 1),  ∈ (−∞ 1) and 0 ∈ (0 ∞). Then, there exists a constant 1  0 such that

−11 (∗ ()  ) = 1 , where 1  is a decreasing function of .

Slower convergence to the final state for a higher skill does not necessarily imply lower
investment in such a match. As shown by (3.7), investment depends on both  () and the
gap [∗ () −  ()]. Relative to a low-skill worker, a high-skill worker’s capital stock in the
final state is higher. For any given current stock, the gap from the final stock is larger, and
15

If on-the-job search is introduced, investment can be partially delayed (see Shi, 2018).
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the gain from investment is greater. Investment is higher for a high-skill worker than for a
low-skill worker. The slower convergence of  for a high-skill reflects higher persistence of
investment. I will establish this result in Proposition 3.4 later.
i
d i/ d t= 0
S2
A2
S1
A1

d k / d t= 0
E1

0

k * ( h 1)

E2
k *(h 2)

k

Figure 1. Dynamics of investment and the capital stock
Figure 1 is the phase diagram of the dynamic system (3.4) for two skill levels, 1
and 2 , with 2  1 . The horizontal axis is the capital stock, which also represents all
combinations of ( ) that yield the schedule

d
d

= 0. The schedule

d
d

= 0 is negatively

sloped. The intersection between the two schedules is the final state, which is marked as
point E1 for skill 1 and E2 for skill 2 . The stable saddle path, (3.7), is the line S1-E1 for
skill 1 and the line S2-E2 for skill 2 .16 The depicted case has  (1 )   (2 ), because the
stable path is steeper for the lower skill 1 than for the higher skill 2 . For the dynamic
system to converge to the final state asymptotically, the initial state must be on the stable
saddle path. In Figure 1, the endogenous initial state is at point A1 for skill 1 and A2 for
skill 2 . The initial capital stock is lower for skill 2 than for skill 1 , which is possible as
analyzed in the next subsection. Investment is higher for 2 than for skill 1 , as discussed
above. From the initial state, investment declines and the capital stock increases toward
the final state. Because investment declines over time, it is front-loaded.
16

The phase diagram depicts only  ≥ 0. Below the horizontal axis,  = −∞. In this case, the capital
stock falls in a discrete amount to reach the final state instantaneously.
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3.2. Eﬃcient Search: Existence, Uniqueness, and  ()  ∗ ()
For each skill  of unemployed workers, the planner chooses the initial capital stock,  (),
and the job-finding rate,  (), to solve the search problem in (2.2). The expected social
surplus of a ( ) match is  () ∆ ( ) −  ()  (), where ∆ ( ) denotes the social
gain from a ( ) match:
∆ ( ) ≡  ( ) −  () .

(3.8)

If post-investment is exogenously set to zero, a marginal increase in  from 0 increases the
expected social surplus of a ( ) match by
̃ ( ) ≡

 ( ) − 
− 0 (0)  () 
+

(3.9)

I focus on the nontrivial case where  ()  0 and  ()  0 for all . For this focus and
uniqueness of the social optimum, I impose:
Assumption 1. (i) For every ,

max ̃ ( )  0. (ii) Define  () ( ∗ ()) as the

∈[0∗ ()]

solution to:
[ () 1 ( ) − 0 () ∆ ( )]=() = 0

(3.10)

For all  and all  ∈ ( ()  ∗ ()), the following inequality holds:

00 0 ( − 1)2 
 00 ()
+ 0 −
0
0 () ∗ () − 


2 00
where  =  (),  =  ( ),  =

0 ()
()

(3.11)

and  = 0−1 ( ∆()
).
()

Part (i) of Assumption 1 ensures  ()  0 for all . Because post-match investment
increases the social value of a match, a marginal increase in  from 0 increases the expected
social surplus of a ( ) match by more than ̃ ( ). If ̃ ( )  0 for some , then there
exist   0 and  ()  0 that yield a positive expected social surplus. This assumption
also implies  ()   (), where  () is defined by (3.10). Part (ii) of Assumption 1
requires the planner’s objective function to be strictly quasi-concave at all local maxima.
14
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This assumption is needed to ensure the social optimum to be unique for each , because
the planner’s objective function contains the term − ()  () that is not jointly concave
in ( ). Intuitively, the assumption is satisfied if either the adjustment cost  () or the
vacancy cost  () is suﬃciently convex. Note that even if 00 = 0, suﬃcient convexity of
 () can still make (3.11) satisfied.
Appendix A proves the following proposition:
Proposition 3.3. If (i) in Assumption 1 holds, then ( ()   ()) are interior and distinct
for each . In particular,  () ∈ ( ()  ∗ ()), and so  ( ()  )  0, for all . The
eﬃcient choices of search solve:
 ()


(3.12)

for : ∆ ( ) =  () 0 () 

(3.13)

for : 1 ( ) = 0 ()

For any 1 and 2 6= 1 , either  (1 ) 6=  (2 ), or  (1 ) 6=  (2 ), or both. If (ii) in
Assumption 1 holds in addition to (i), then ( ()   ()) are unique for each .
The conditions (3.12) and (3.13) are intuitive. (3.12) equates the social marginal benefit
of capital in the initial assignment, 1 ( ), to the social marginal cost of capital in
recruiting, 0 ()  (). (3.13) equates the social marginal benefit of increasing the matching
rate, ∆ ( ), to the marginal cost of vacancies,  () 0 ().
The initial assignment of capital to a skill is strictly lower than the final
assignment, i.e.,  ()  ∗ () for every . This result is necessary and suﬃcient for
post-match investment to be positive (see (3.7)). The cause of  ()  ∗ () is 0 ()  0
in addition to matching frictions. If the initial capital stock is equal to the final stock,
the marginal benefit of capital is zero, because the marginal net output of capital and
post-match investments are both zero at the final stock. Since the marginal cost of capital
is always positive under 0 ()  0, there is a net gain from reducing the capital stock for
a vacancy. Thus, with 0 ()  0, the social optimum uses both the initial assignment and
post-match investment to build capital toward the final stock.
15
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The eﬃcient choices of search are distinct for each skill level. This is an implication
of the complementarity between capital and skill. Because the marginal productivity of
capital increases in the skill, the tradeoﬀ between the initial capital stock and the jobfinding rate varies with the skill. This variation makes it socially eﬃcient to separate
diﬀerent skills into diﬀerent submarkets. A higher skill should either match with a higher
capital stock, or match more quickly, or both.
Note that strict convexity 00  0 does not play a role for the results discussed so far:
 ()  ∗ (),  ( )  0, and the distinct choices ( ()   ()) for each . However,
00  0 will be important quantitatively for the calibration in section 6.1.
At this point, it is useful to ask: what will happen in the model if matching is frictionless
but there is exogenous separation? No interesting dynamics will occur. To see this, recall
that a worker’s matching rate is  =  (). The absence of matching frictions leads to
 (0) = ̄, where ̄ ≤ ∞ is the natural upper bound on . In this case, the function  ()
is not invertible to generate the inverse  (). The condition (3.13) becomes an inequality
“”, which implies the corner solution  = ̄. The condition (3.12) becomes 1 ( ) = 0,
which implies 1 ( ) = 0 and, hence,  () = ∗ (). The initial assignment of capital to
each skill jumps immediately to the final state.
3.3. Initial Sorting and the Matching Rate
The initial assignment has PAM if and only if 0 ()  0. A higher skill has a higher matching rate if and only if 0 ()  0. The following proposition characterizes the dependence
of ( ) on , and Appendix A gives a proof:
Proposition 3.4. Maintain Assumption 1. For each given , 2 ( )  0 and 0 ()  0.
Approximate the derivatives (11  12 ) along the stable path (3.7). Then,
0 ()  0

iﬀ

0 ()  0

iﬀ

(2 − ) 12 ( )
 2 ( )
++
(1 − ) 12 ( )
 2 ( ) 
++
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(3.14)

(3.15)

where  =  ( ), and 2  1  0 are defined by
1 =

( +  + ) ( − 1)

00
 0 + 00 () 0 ()

2 =

( +  + ) 00

( − 1) 0 ()

Moreover, 2 ( )  0 for all   ∗ (). If 0 () ≤ 0, then 0 ()  0 and

(3.16)
d(())
d

 0.

In the social optimum, a higher skill has a higher social value, both in employment and
in unemployment. However, a higher skill is not always assigned to match with a higher
capital stock even though capital and the skill are complementary in production. There
are two ways to capture the high social surplus from a more productive worker. One is
PAM and the other is a higher matching rate. The social optimum uses either PAM or
a higher matching rate for a higher skill, or both. It is never socially eﬃcient to assign
both a lower capital stock and a lower matching rate to a higher skill. Given post-match
investment, there can be three cases of the initial assignment:
Case 1: 0  0 and 0  0. This case occurs when the complementarity between the
two factors of production is weak. In this case, the marginal cost of creating high-capital
vacancies for PAM exceeds the gain in productivity from PAM. It is socially eﬃcient to
make the initial assignment NAM so as to create many low-capital vacancies for high-skill
workers to increase their matching rate.
Case 2: 0  0 and 0  0. This case occurs when the two factors of production are
moderately complementary with each other. In this case, the social optimum uses both
PAM and a higher matching rate for high-skill workers.
Case 3: 0  0 and 0  0. This case occurs when the two factors of production are
strongly complementary with each other. In this case, it is socially eﬃcient to capture the
strong complementarity through PAM. Because vacancies with a higher capital stock are
more costly to create, the number of vacancies for high-skill workers is small, and so the
matching rate for these workers is lower than for low-skill workers.
Post-match investment can aﬀect which of the three cases occurs. To show
this eﬀect, Table 1 divides investment into three intervals. In each interval, Table 1 lists the
initial assignment and the matching rate according to the complementarity between the
17
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two factors, measured by
and

2
,
2 −

12 ()
.
++

The two threshold levels of the complementarity are

2
1 −

where 2  1  0 are defined by (3.16). The top part of Table 1 is the region of

low investment:   1 . For such investment, both thresholds of the complementarity are
strictly positive, and all three cases above can occur. In the middle of Table 1, investment
is moderate: 1 ≤   2 . Because 1 −  ≤ 0, the threshold

2
1 −

becomes inapplicable.

Only Cases 1 and 2 can occur. At the bottom of Table 1, investment is high. Because
1 −   2 −  ≤ 0, both thresholds become inapplicable. Only Case 1 can occur, which
has NAM in the initial assignment.
Post-match investment increases the benefit of a higher matching rate relative to PAM
in the initial assignment. By making a high skill employed more quickly, the social optimum
can capture the benefit of the skill more quickly. Even if this may require the initial
assignment to be NAM, post-match investment can restore PAM. In Table 1, there are
more cases for 0 ()  0 than for 0 ()  0. Also, an increase in the marginal productivity
of the skill, 2 , widens the region of NAM in the initial assignment in Table 1.
Table 1. Features of the initial assignment and workers’ matching rate
0 :  0
0
0
12
|––––— |––––––— |––––– ++
  1 :
2
2
0 (Case 1) 2−
(Case 2)
(Case 3)
1 −
0
0
0
: 0
0
:
0
0
12
|––––––––— |––––––––— ++
1 ≤   2 :
2
0
(Case 1)
(Case 2)
2 −
0
:
0
0
0 :
0
12
|––––––––––––––––––— ++
 ≥ 2 :
0
(Case 1)
0
:
0
The complementarity between  and  increases the likelihood of NAM in
the initial assignment. This result is opposite to sorting models without post-match
investment, e.g., Shi (2001, 2005) and Eeckhout and Kircher (2010). The cause of this result
is that investment is likely to be higher when capital and the skill are more complementary
with each other. With high investment to come after a match is formed, there is little
18
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benefit for high-skill workers to wait for a long time just for PAM. Instead, such workers
should match quickly through NAM. This is the case  ≥ 2 in Table 1, where the only
outcome is 0 ()  0 and 0 ()  0. In contrast, Case 3 discussed earlier with 0 ()  0
and 0 ()  0 may not exist at all in the social optimum, because the matching features
are inconsistent with high investment.
NAM in the initial assignment has an important implication for the dynamic paths of
capital stocks for diﬀerent skill levels: These paths must cross each other over time. Figure
2 depicts the time paths of capital stocks for skills 1 and 2 , with 2  1 . With the initial
NAM, the path for the higher skill 2 starts below the path for the lower skill 1 . The
former overtakes the latter at the time point 0 , because the final state has PAM. Sorting
between capital and the skill is negative for  ∈ [0 0 ) and positive for   0 . This crossing
implies further that matching is mixed in the population at any given point of time. Even
though the initial assignment is unique for each worker skill, two workers of the same skill
are working with diﬀerent capital stocks if their matches have lasted for diﬀerent lengths
of time. Similarly, workers with diﬀerent skill levels can be working with the same capital
stock if their matches diﬀer in the duration in a particular way. I turn to the distribution
of workers next.
k(t)
k*(h 2 )
k*(h 1 )

(h 1 )
(h 2 )
0

t0

t

Figure 2. Crossing paths of capital stocks for two types of workers
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4. Dynamic Sorting and the Stationary Distribution
Unemployed workers of the same skill are assigned to match with the same capital stock,
but they may not succeed in matching at the same time. Those who succeed earlier have
a longer time of investment and, hence, a higher capital stock. The capital stock in a
match continues to increase toward the final state until exogenous separation terminates
the match. This process generates a distribution of workers of the same skill over capital
stocks. I characterize the ergodic distribution and the overall sorting pattern.
Among the workers of any given , let the fraction of unemployed be  () and the
fraction of employed be  () = 1 −  (). In the steady state, the flow of unemployed
skill- workers exiting unemployment,  ()  (), is equal to the flow of employed workers
of skill  into unemployment,  (). This equality determines
 () =


.
 +  ()

(4.1)

It is clear that 0 ()  0 if and only if 0 ()  0. Among employed workers of skill , let
 (|) be the cumulative distribution over . The conditional mean of capital stocks is:
 (|) ≡

Z ∗ ()

 d (|) .

(4.2)

()

Definition 4.1. Capital and skills have PAM-D (positive assortative matching in the distribution) if  (|) is decreasing in  for all  ∈ ( ()   ∗ ()). Capital and skills have
PAM-M (positive assortative matching in the mean) if  (|) is increasing in .
The following proposition is proven in Appendix B:
Proposition 4.2. Approximate the dynamic system of ( ) by (3.4). Then,
"

∗ () − 
 (|) = 1 − ∗
 () −  ()

#


()



= 1 − [ ( )] () ,

 ( ()  )
 () +  () ∗ ()
=  () +

 (|) =
 () + 
 () + 
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(4.3)

(4.4)

where  ( ) ≡

()
(())

and  () is defined by (3.5). 00 (|)  0 if and only if  ()  .

Moreover, PAM-D occurs if and only if
0

 ( ) 0 () + [1 −  ( )] ∗0 ()   ()()
ln  ( )
[()]2
for all  ∈ ( ()  ∗ ()) .

(4.5)

0 () ≥ 0 is necessary and suﬃcient for (4.5) to hold. However, 0 () ≥ 0 is suﬃcient, but
may not be necessary, for PAM-M.
The density of capital among workers of the same skill  is decreasing if and only if
 ()  . This result is intuitive. Among employed workers of skill , the fraction with
capital stocks in the upper tail [ ∗ ()] is 1 −  (|). Workers exit this upper tail if they
are hit by exogenous separation, and workers outside this tail enter it as firms invest to
increase the capital stock. Investment is a ratio  () to the width of the interval [ ∗ ()].
When  increases, this width narrows, which reduces the size of both the exit and the entry
into the upper tail. The diﬀerence between the two flows depends only on the diﬀerence
between the rates of exit and entry. If  ()  , the exit rate is higher than the entry
rate. To keep the distribution stationary, the base for the exit must become increasingly
smaller when  increases; i.e., the density must be decreasing.17 Conversely, if  ()  ,
the density must be increasing.18
The condition (4.5) is necessary and suﬃcient for PAM-D. It reveals three determinants
of PAM-D: the initial assignment  (), the final assignment ∗ (), and the speed of
convergence to the final state,  (). PAM of either the initial or the final assignment
contributes to PAM-D by increasing the capital stock assigned to a higher skill at one end
of the dynamic path. Also contributing to PAM-D is faster convergence to the final state,
i.e.,  0 ()  0, which allows the capital stock for a higher skill to increase more quickly. It
is clear that the initial PAM is necessary for PAM-D, but surprising that the initial PAM is
17

This contrasts with undirected search models, e.g., Burdett and Mortensen (1998), where the density
is increasing and strictly convex.
18
Define  = [∗ () − ]−1 . Then, (4.3) implies that  is distributed according to  (|) = 1 −
−()
, which is the Pareto distribution with the parameter  () . The larger is 
{[ ∗ () −  ()] }
relative to  (), the smaller is  () , and so the fatter is the tail of the distribution of . Note that the
density function of  is always decreasing.
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also suﬃcient for PAM-D. The explanation for the suﬃciency is that, for any given capital
stock, investment increases in the skill, i.e., 2 ( )  0 for all   ∗ () (see Proposition
3.4). If high-skill workers employment with a higher capital stock in the initial assignment,
higher investment will keep capital stocks in their matches higher than those for low-skill
workers throughout the transition to the final state.
The three determinants of PAM-D above are also the determinants of PAM-M, but
their weights for PAM-M diﬀer from those for PAM-D. For any given skill, the mean of
capital stocks is a weighted average of the initial and the final assignment (see (4.4)). The
weight is


()+

for the initial assignment and

()
()+

for the final assignment. A higher

exit rate  increases the weight for the initial assignment by terminating a match earlier
before the capital stock in the match gets closer to the final stock. A higher convergence
speed  does the opposite by increasing the capital stock in a match quickly toward the
final stock. The second equality in (4.4) expresses the mean of the increase in the capital
stock during employment,  (|) −  (), as the present value of the initial investment,
where the discount rate is ( + ).
PAM-D implies PAM-M. Because the initial PAM is suﬃcient for PAM-D, it is also
suﬃcient for PAM-M. However, the initial PAM is not necessary for PAM-M. Even if the
initial assignment is NAM, higher investment for a high skill makes capital grow more
quickly than for a low skill and, hence, can generate a higher mean of the capital stock.
The above analysis examines the distribution of capital conditional on the skill. It is
also useful to examine the joint distribution between capital and the skill. The density of
skill- workers in employment is  ()  0 (), where  0 is the density function of types
among all workers. Denote the measure of all employed workers as  =
The employment share of skill- workers is
 () =

R 

 ()  0 ()





 ()d ().

(4.6)

Let  ( ) be the joint cumulative distribution function of employed workers over ( ).
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Then, the joint density is 12 ( ) =  () 0 (|), and so
 ( ) =

Z 



³

´

 ()  |̃ d̃

(4.7)

The employment share of a skill accentuates the matching pattern of that skill by
allowing such matches to be present more often in the data. If a worker skill has a high
employment share and such workers have PAM, then the skill will contribute a large share
to PAM in the employed sample. In the exposition for Proposition 3.4, I explained that
the social optimum is more likely to have higher matching rates for high-skill workers than
PAM in the initial assignment. Thus, 0 ()  0 is more likely than 0 ()  0. If the
initial assignment fails to be PAM, the high share of high-skill workers in employment may
reduce the extent of sorting identified from the data.

5. Equilibrium Implementation of the Social Optimum
In this section I characterize the market equilibrium that implements the planner’s allocation. In the market, recruiting firms create vacancies and make oﬀers to direct workers’
search, and firms with filled jobs choose investments. After a match is formed, the worker
and the firm bargain over wages.
It is convenient to formulate a recruiting firm’s oﬀer as a value , which is the expected
lifetime utility to a worker taking future separation into account. A firm delivers an oﬀer
by wages formulated later. For each skill , the market consists of a continuum of potential
submarkets indexed by (  ), where  is the initial capital stock of a job. Unemployed
workers choose the submarket to search and firms choose the submarket to locate vacancies.
They rationally expect a worker’s job-finding rate in the submarket to be  = ̃ (  ).
In any submarket where the job-finding rate is , the matching technology determines the
tightness as  (), which is described in section 2. Moreover, since matching is bilateral,
the following accounting identity holds:  () =


.
()

Denote  () as the value for a skill  unemployed worker in the equilibrium. For a
match that has lasted for a length  (tenure) reaching the current capital stock  (), denote
Ω ( ()   ) as the worker value. At the time when the worker is recruited in submarket
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(  ), Ω ( (0)   0) =  and  (0) = . When searching for a job, a skill  unemployed
worker chooses the submarket (  ) to enter to maximize the expected surplus of search,
as in the following Bellman equation for  :
 () =  + max ̃ (  ) [ −  ()] 

(5.1)

()

Denote the solution to the maximization problem as  () for  and  () for . The
job-finding rate at the optimal choice is  () ≡ ̃ ( ()   ()  ).
For a recruiting firm in submarket (  ), denote  (   0) as the firm value at
the moment of succeeding in recruiting a worker, where 0 indicates the beginning of a
match. The vacancy cost is  () and the vacancy-filling rate is  (̃ (  )). In every
submarket (  ) with  (   0) ≥  (), competitive entry of vacancies drives net
profit of recruiting to zero, i.e.,  (̃ (  ))  (   0) =  (). In every submarket
with  (   0)   (), no firm enters and so the tightness is zero, which implies  = 0.
These requirements determine the function ̃ (  ) as
̃ (  ) =

(

 −1
0,

³

()
(0)

´

 if  (   0) ≥  ()
otherwise.

(5.2)

In a match with a skill  worker at tenure , denote   ( ()  ) as the joint value
between a firm and the worker.19 Then,   obeys an equation similar to (2.3) for  in the
social planner’s problem. That is,
( + )   ( ()  ) =  ( ()  ) +  () +

d 
 ( ()  ) −  ( ()) 
d

(5.3)

The firm delivers the worker value Ω ( ()   ) by a wage path, { ( ( )    )} ≥ , which
will be determined later. The worker value Ω satisfies:
( + ) Ω ( ()   ) =  ( ()   ) +  () +

d
Ω ( ()   ) 
d

(5.4)

Given the worker value Ω, the value of the firm in the match at tenure  is:
 (Ω  ()   ) =   ( ()  ) − Ω.

(5.5)

19

  depends on  only through  (). If the worker value depends on  directly in addition to  (), this
dependence is canceled by the opposite dependence of the firm value on  directly.
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Setting  = 0,  (0) =  and Ω =  in (5.5) yields the firm value at the moment of
successfully recruiting a worker. At each  ≥ 0, the firm chooses the path of investment,
{ ( )} ≥ , to solve the following problem by taking Ω and  () as given:
max

{( )} ≥

 (Ω  ( )    ) s.t.

d
 ( ) =  ( ) .
d

(5.6)

Denote the path of optimal investments in the equilibrium as { ( )}≥0 .
In this economy, workers and firms are risk neutral. At any   0, there are infinitely
many wage paths to deliver the promised value Ω ( ()   ) to the worker and the value
 (Ω  ()   ) to the firm. To select one wage path, I assume that wages are continuously
bargained between the worker and the firm for all   0. Specifically, at any   0,
the match surplus is [Ω −  ()] for the worker and  (Ω  ()   ) for the firm, where
Ω = Ω ( ()   ). The path { ( ( )    )} ≥ solves the following problem:
max [Ω −  ()] [ (Ω  ()   )]1− , for   0

(5.7)

where  ∈ (0 1) is the worker’s bargaining weight and Ω = Ω ( ()   ).
An equilibrium consists of (i) value functions, [ ()    ( )   (Ω   )  Ω (  )],
that satisfy (5.1), (5.3), (5.4) and (5.5), (ii) search policy functions, [ ()   ()], that
solve the maximization problem in (5.1), (iii) investments,  ( ), that solve (5.6), (iv)
the job-finding rate function, ̃ (  ), that satisfies (5.2), and (v) the wage function,
 (  ), that solves the bargaining problem in (5.7). The proof of the following proposition is in Appendix C:
Proposition 5.1. The market equilibrium implements the constrained social optimum.
In particular, [ ()   ()] = [ ()   ()] and  ( ) =  ( ()  ) for all  and . The
optimal worker value searched by skilled  unemployed workers is:
 () =  ( ()  ) −

 ( ())

 ( ())

(5.8)

For any tenure   0, a skill  worker’s wage determined by bargaining in (5.7) is:
 ( ()   ) =  [ ( ()  ) −  ( ( ()  ))] + (1 − )  () 
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(5.9)

The search decision is socially eﬃcient because of directed search and competitive entry
of vacancies, similar to the literature, e.g., Moen (1997), Menzio and Shi (2011). Competitive entry of vacancies generates the job-finding rate function as in (5.2), which links the
job-finding rate to the oﬀer terms ( ). In particular, the job-finding rate is a decreasing
function of the oﬀer  in all submarkets with   0. With directed search, searchers take
into account this link between  and . The optimal tradeoﬀ between the two internalizes search externalities. Adding to the literature, Proposition 5.1 shows that the optimal
search choice  is also socially eﬃcient. It is clear from (5.1) that  aﬀects a searcher’s
expected surplus only through the job-finding rate ̃ (  ). (5.2) shows that the eﬀect of
 on ̃ is hump-shaped because of 0  0. As a result, the optimal choice of  is interior.
Investment is socially eﬃcient in the equilibrium for a simple reason. The bargaining
protocol in (5.7) is monotone in the sense that the surpluses of both sides of a match
increase in the joint surplus. Under any monotone protocol, it is optimal for a firm to
choose investment to maximize the joint surplus, which is also what the planner does.
The wage function (5.9) is intuitive. Net income flow of a firm is  − , and a worker’s
outside option, in terms of flow income, is  . The wage is a weighted average of these
two, where the weight on ( − ) is the worker’s bargaining weight. Note that the wage
 ( ()   ) depends on  only through  () and not through  directly.

6. Quantitative Analysis
6.1. Calibration and Simulation
To calibrate the model, I use the following functional forms:
˜ ( ) = 0  1− , 0  0,  ∈ (0 1) ;
 () = 0 [− − 1]−1 , 0   ∈ (0 ∞) ;
 () = 0 1 , 0  0, 1 ≥ 1.


 () = −
,     0;
 −
2
 () = 1  , 1  0;

(6.1)

Net output is  ( ) = ˜ ( ) − . The inverse of  () is a Dagum (1975) function. I
normalize the adjustment cost of capital,  (), to be quadratic and identify the curvature
of the vacancy cost. It is the relative curvature between these two cost functions that is
important for the initial capital stock in a match relative to the final stock. The functional
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form of the distribution of skills, , has no consequence on the assignment of capital to
workers with each skill, because the skill is contractible and the social optimum features
separation by the skill. Without loss of generality, I set  to be uniform, where  = 1
and  = 04. Denote the average value of  in the population as  =

 +
2

= 07. I

interpret the skill level as education attainment, where  corresponds to a college degree
or higher,  to a high school degree only, and  to no high school degree. The model is
calibrated monthly. Table 2 lists the parameters, their values and the calibration targets
(see the Supplementary Appendix D for the procedure).
Some aspects of the calibration are worth noting. First, the parameter  = 053 in the
Cobb-Douglas production function results from targeting the average capital share at the
commonly used value, 036. The capital share in a ( ) match is ˜ ( ) =


0

³ ´1−



.

Because the rental rate of capital is fixed, the capital share increases in  rather than
being a constant. The capital share is equal to  only in the final state. In the transition
to the final state, the capital share is lower than  and increases toward  as the capital
stock increases. A value of  higher than 036 is necessary for the average capital share in
the model to match the target 036.
Table 2. Identification of the parameters
Parameter Value
Target
−3

415 × 10
quarterly interest rate = 00125

053
average capital share = 036
0
00682
normalize ∗ ( ) = 100

0026
monthly EU rate in CPS


05
elasticity dd ln
= 0362 at average  = 006
ln 
0
02313
 = 072 at average  (Pissarides 2009)
home production

00824
= 04
average market net output
1
36837
(1  0  1 ) minimize the distance
−4
32785 × 10
between (( ) ( ) ( ))
0
and the targets (010 006 003)
1
00161

05
symmetric bargaining weights
Second, the average unemployment rate is targeted at 6%, and the ratio of home production of an unemployed worker to the average net output in the market is targeted at 04.
These targets put important disciplines on wage dispersion, as emphasized by Hornstein
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et al. (2011). The three cost parameters, (1  0  1 ), minimize the distance between the
model and the data in unemployment rates of three skill levels, (     ). These rates
are a good representation of U.S. workers between 25 to 64 years of age with the three
education attainment levels (see Bureau of Labor Statistics, 2019).
Third, the identified 1 is significantly higher than one. Since strict convexity of the
vacancy cost has not played a critical role in the analytical sections, why is it needed for the
calibration? The answer is that the model needs to match the features of unemployment
rates in the data. The unemployment rate is low on average and has sizable variations across
skills. When the vacancy cost is suﬃciently convex, it is optimal to create a large number
of low-capital vacancies, which increase the matching rate for searching workers and keep
the average unemployment rate low. Moreover, the matching rate must be significantly
higher for skill  than for  in order to match the diﬀerence in the unemployment rate
between the two skill levels. This requires the vacancies cost to be suﬃciently convex in
the capital stock.
With the calibrated parameters, the model satisfies Assumption 1, and so the social
optimum and the equilibrium are unique. I compute the social optimum (see the Supplementary Appendix D for the procedure). For equilibrium wages, I assume symmetric
bargaining weights,  = 05, as in Hagedorn et al. (2017).
6.2. Initial Assignment and Matching Rate
Figure 3 depicts the initial assignment  () (divided by 10) and the matching rate  ().
The initial assignment is NAM, and the matching rate increases in the skill, as in Case 1
listed after Proposition 3.4. As the skill increases from  to  , the initial capital stock
decreases from 376 to 244, which translates into 17% reduction in net output if the skill
remained at  . However, the size of this eﬀect pales in comparison with the increase in
the matching rate from 0194 to 0539 when the skill increases from  to  . The large
increase in the matching rate reflects the feature in the data that the unemployment rate
of skill  is less than a half of that of skill  .
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Figure 3. Initial assignment  () 10 and matching rate  ()
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Figure 4. Capital, net output and wages over time for skills (     )
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Although the initial NAM appears to be mild, its eﬀects on time profiles of net output
and earnings are profound. As discussed earlier (see Figure 2), the initial NAM implies
that the time paths of capital stocks for diﬀerent skill levels necessarily cross each other.
With the calibrated parameters, this crossing occurs in less than 5 months, as shown in the
top panel in Figure 4. For  ∈ {     }, the middle panel in Figure 4 depicts the time
paths of net output. The initial NAM does not eliminate the productivity advantage of the
higher skill. That is, a higher skill has higher net output throughout a match. Moreover,
the time profile of net output is steeper for a higher skill, and so the diﬀerence in net
output between skills increases over time.
The time profile of wages mimics that of net output. The wage path, given by (5.9),
is depicted in the bottom panel in Figure 4. Throughout a match, workers with a higher
skill have higher wages.20 These workers also have a steeper wage path. This implies that
if one traces a cohort of workers who become employed at the same time, the variance in
wages in the cohort increases over time. Both the heterogeneity in the slope of the earnings
profile and the fanning-out of the wage paths are consistent with the evidence on earnings
dynamics, e.g., Deaton and Paxson (1994), Guvenen (2007).
6.3. Distribution of Workers, the Mean, and Sorting
Figure 5 depicts the density of capital stocks among employed workers of the same skill
 ∈ {     }. Because of the initial NAM, the lower bound on the support of the
distribution is lower for a higher skill. The upper bound on the support is higher for a
higher skill, because the final state has PAM. For any given , the density is a decreasing
function of capital, because the calibration yields  ()   for all . That is, the job
separation rate exceeds the speed of convergence to the final state. As explained earlier,
in this case the density must become smaller in order to keep the distribution of workers
stationary. Also, the density of the wage distribution within each skill is a decreasing
function (not depicted).
20

This result suggests that using wages or earnings to identify sorting, as is common in the empirical
literature, would fail to detect the initial NAM.

30

Electronic copy available at: https://ssrn.com/abstract=3240652

Density of workers h

0.03
0.025
G ' (k |hL)

0.02

G ' (k |hm)
G ' (k |hH)

0.015
0.01
0.005
0
0

5

10

15

20

25

30

35

40

45

50

Capital stock k

Figure 5. The density of capital among skill  workers: 0 (|)
Although PAM-D fails, PAM-M holds in the calibrated model. That is, the mean of
the capital stock among employed workers of the same skill increases in the skill. The
left panel in Figure 6 depicts within-skill means of capital, net output and wages, where
 (|) is divided by 200. All three within-skill means increase in . Recall that  is
25 times  in the calibration. In comparison, the ratio between the means of these two
skills is 216 in net output and 184 in wages. A significant part of the higher means of
net output and wages for a higher skill comes from post-match investment. The average
capital stock among skill  workers is 164 times that among skill  . Therefore, the
neoclassical theory of investment exerts a strong force on dynamic sorting between capital
and the skill, by pushing the match toward the final state of PAM.
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Figure 6. Within-skill mean  (|) ( =   )
and the frictional gap 1 − (|)
( =   )
 ∗ ()
However, labor market frictions do matter quantitatively. They generate a significant
gap between the social optimum and the final state. Let me refer to this gap as a frictional
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gap within a skill and measure it by (1 − (|)
) for  ∈ { } and any . The right panel
 ∗ ()
in Figure 6 depicts these frictional gaps. On average across skill levels, the frictional gap
is 18% in net output and 55% in the capital stock. Both gaps increase in the skill. The
causes are the adjustment cost in investment and job separation. The higher is the skill,
the longer is the distance from the initial state to the final state, and the more likely is that
a match is terminated by separation before the capital stock gets close to the final state.
For a higher skill, although the average capital stock is higher in the level, the ratio to the
final state is lower than for a lower skill. The frictional gap in the capital stock generates
the frictional gap in net output.21
6.4. Frictional Inequality
Dynamic sorting induces large frictional inequality, which refers to inequality in productivity or earnings among workers of the same skill. The left panel in Figure 7 depicts the
within-skill coeﬃcient of variation () in net output and wages. The right panel depicts
the within-skill mean-min ratio () in these variables, a measure of frictional inequality
proposed by Hornstein et al. (2007). Frictional inequality is large and increases in the skill.
As the skill increases from  to  , the coeﬃcient of variation in net output increases
from 015 to 0253, and the mean-min ratio increases from 175 to 281. For wages, the
coeﬃcient of variation increases from 011 to 020, and the mean-min ratio increases from
145 to 20. In matches with a high skill, there is more room for the capital stock to grow,
which makes net output and wages fan out by more than in matches with a low skill.22
Frictional inequality is smaller in wages than in net output because a worker’s value of
unemployment varies with skills by less than net output does.
Frictional inequality in this model is comparable with the data but much larger than in
most search models. Hornstein et al. (2011) estimate the mean-min ratio in wages in the
21

Looking back at Figure 4, the capital stock for skill  at  = 45 months (375 years) is only 22% of
45
the final stock. However, the fraction of matches that survive to  = 45 is only (1 − ) = 03056.
22
The empirical evidence is mixed on whether frictional inequality increases in the worker type.
Gottschalk and Moﬃtt (2009) report that, in the late 1980s and early 1990s, the transitory variance
in log earnings grew more quickly for the more-educated group than the less-educated group (high school
or less). However, the pattern was the opposite in the 1970s and early 1980s.
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U.S. data to be between 17 and 2. They find that most search models generate mean-min
ratios in wages lower than 105. They attribute this failure to two empirical restrictions
imposed by the data — the low unemployment rate and the sizable value of home production
to market production. The two targets imply that the option value of continuing to search
must be low which, in most search models, requires wage dispersion to be small. Since the
calibration here uses the two targets, the option value of continuing to search is low in this
model. But it is accompanied by large, instead of small, frictional dispersion. The causes
of this result are post-match investment and the convex vacancy cost, as first explored
in Shi (2018). Briefly, the lower option value means that it is optimal to make workers
employed quickly. To do so in the presence of convex vacancy costs, a large number of
vacancies must be created, each with a low capital stock. From such low capital stocks,
matches can experience large investment which widens dispersion between matches of the
same skill that are formed at diﬀerent points in time. In turn, to benefit from post-match
investment, unemployed workers are willing to accept matches with initially low capital
stocks, resulting in low unemployment rates.

3

Mean-min ratio

Coefficient of variation

0.25

0.2

0.15

0.1
0.4

cv (f |h)
cv (w |h)

0.5

0.6

0.7

0.8

0.9

1

Worker skil h

Mm (f |h)
2.5

Mm (w |h)

2

1.5
0.4

0.5

0.6

0.7

0.8

0.9

Worker skil h

Figure 7. Coeﬃcient of variation and mean-min ratio in net output 
and wages  among skill- workers
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1

6.5. The Labor Share and the Skill Premium
Dynamic sorting between capital and the skill can be a potential explanation for the observed decline in the U.S. labor share over the last 3 decades (Elsby, et al., 2013). Recall
from the calibration that the capital share in a ( ) match is ˜ ( ), which increases
in  even though the production function is Cobb-Douglas. Since the frictional gap in
the capital stock increases in the skill (Figure 6), the capital share decreases in the skill.

Define the average labor share within skill  as 1 − ( ˜()
|). Then, the labor share

increases in the skill. If a change in the economy aﬀects dynamic sorting between capital
and labor, then it can change the labor share. For example, consider one likely event: an
increase in the matching eﬃciency.23 A reduction in 0 in the function  () represents an
increase in the matching eﬃciency (see (6.1)). Suppose that 0 falls by 25%. The left panel
in Figure 8 depicts the within-skill average labor share which is an increasing function of
the skill. The increase in the matching eﬃciency shifts down this function, thus reducing
the labor share for every skill. The reason is simple. When the matching eﬃciency increases, firms increase the initial capital stock for all vacancies. The time path of capital
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shifts up for every skill level, resulting in a lower labor share.
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Figure 8. Eﬀects of higher matching eﬃciency on within-skill average
(|)
labor share, (labor share |), and the skill premium (|
)
23

Another example is a reduction in the vacancy cost, which has similar eﬀects to an increase in the
matching eﬃciency.
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The increase in the capital stock is non-uniform across skills, which has an implication
for the skill premium. Matching frictions are the cause of NAM in the initial assignment.
By reducing these frictions, an increase in the matching eﬃciency weakens the eﬃciency
consideration for NAM. The capital stock in the initial assignment increases by more for
a high skill than for a low skill. This reduces the length of time needed for the sorting
pattern to change from NAM to PAM in the transition. Once this change occurs, the
gap in the capital stock between a high-skill match and a low-skill match widens quickly.
Thus, the skill premium increases. The right panel in Figure 8 depicts the skill premium
measured by the ratio in the average wage between any skill  and the lowest skill  . As
an increasing function of , this ratio rotates counter-clockwise after an increase in the
matching eﬃciency. Therefore, changes in frictional dynamic sorting can be the common
cause for both the increase in the skill premium and the declining labor share.

7. Conclusion
This paper has integrated frictional matching into a neoclassical framework of investment
by firms to analyze dynamic sorting between capital and worker skills in the constrained
social optimum and the equilibrium. The model predicts that strong complementarity between capital and worker skills in production makes the socially eﬃcient pattern of sorting
negative at the time of a match, which is opposite to the eﬀect in the absence of post-match
investment. However, investment makes sorting positive eventually. Because the sorting
pattern in a match reverses over time, the time profiles of labor productivity and wages
have steeper slopes for a high skill than for a low skill. Between-skill dispersion in labor
productivity and wages widens over time. There is also dispersion in labor productivity
and wages within each skill. The calibrated model shows that sorting is negative initially
but becomes positive on average, with significant within-skill dispersion. Moreover, an
increase in the matching eﬃciency reduces the labor share and increases the skill premium.
Frictional sorting and post-match investment are both important. Post-match investment quickly reverses negative sorting in the initial assignment and widens the gap in net
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output between skills. Without such investment, a model with frictional matching alone
would mistake the initial sorting pattern for the final pattern and, hence, reach the wrong
conclusion of negative sorting even if sorting is positive on average. On the other hand,
when there are no matching frictions, the initial capital assignment will be equal to the
final assignment, which significantly exaggerates the extent of positive sorting. Moreover, a
frictionless model does not provide an endogenous mechanism to generate inequality within
each skill, the heterogeneity in the slope of the time profile of labor productivity and wages
between skills, or the fanning-out of labor productivity and wages over time.24
There are at least two interesting directions for future research. One is to incorporate
on-the-job search to examine how sorting of workers between firms interacts with sorting
within each firm. With homogeneous workers, on-the-job search can delay socially eﬃcient investment (see Shi, 2018). With heterogeneous workers, this delay can prolong the
negative sorting pattern at the beginning of a match and induce more realistic patterns
of job-to-job transition. The other direction of future research is to examine how sorting responds to a skill-biased technological progress. If such a progress increases the gain
from employing high skills quickly, then it increases the extent of negative sorting at the
beginning of a match. Because post-match investment makes sorting positive eventually,
inequality is likely to increase both between skills and within each skill.

24

To account for these facts, the literature on earnings profiles introduces shocks to earnings (e.g., Deaton
and Paxson, 1994).
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Appendix
A. Proofs for Section 3
Proof of Proposition 3.1:
The final capital stock, ∗ (), satisfies 1 (∗ ()  ) = 0. Diﬀerentiating yields:
∗0 () =

12 (∗  )
 0,
−11 ( ∗  )

where the inequality comes from 11  0 and 12  0. It is easy to verify that the eigenvector
of the matrix  in (3.4) corresponding to the stable eigenvalue − is [ −1] , where  is
a constant to be determined. The unique stable saddle path of (3.4) is
"

 ()
 () − ∗ ()

#

=

"

 ()
−1

#

 −() 

Because  (0) =  (), setting  = 0 in the second equation yields  = ∗ () −  (). Thus,
the unique stable path is (3.6). Dividing the two equations in (3.6) yields (3.7).
It is evident from (3.6) that if  ()  ∗ (), then

d()
d

=  ()  0 and

d()
d

 0. The

speed of convergence to the final state is  as defined in (3.5). Clearly,  is lower if 00 (0)
is higher or −11 is lower. Moreover,  0 ()  0 if and only if −11 (∗ ()  ) is decreasing
in . This completes the proof of Proposition 3.1. QED
Proof of Proposition 3.3:
The proof establishes results (i)-(v) below, which constitute the proposition:
(i) The expressions for  ( ) and its derivatives: Setting  = 0 in (2.3) and substituting  (0) =  ( ), I get:
( + )  ( ) −  () =  ( ) + [1 ( )  −  ()]=() 

(A.1)

Subtracting (2.2) from (A.1) into (3.8) yields the social gain from a ( ) match as
∆ ( ) =

 ( ) −  +  ()  () + [1 ( )  −  ()]=()

++

(A.2)

where  =  (). For all  ≥ 0, (3.1) implies 1 ( ()  ) = 0 ( ()). Setting  = 0 and
using 1 ( ) = − from (3.7), I have:
1 ( ) = 0 ( ( )) 

11 ( ) = −00 ( ( ))  ()  0
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(A.3)

(ii) The solution to the search problem in (2.2) is interior: Before proving this result, I
characterize the maximum of ̃ ( ), where ̃ is defined by (3.9). Recall that 0 (0)  0
by assumption. It is clear that ̃1 (0 ) = ∞, ̃1 (∗ ()  )  0 and ̃11 ( )  0. These
properties imply that, for any given , there is a unique ̂ () ∈ (0 ∗ ()) that achieves

the maximum of ̃ ( ). Moreover, ̃1 (̂ ()  ) = 0, i.e.,
1 (̂ ()  ) = ( + ) 0 (0) 0 (̂ ())

(A.4)

Note that ̃ (0 )  0. If ̃(̂ ()  )  0, then there exist 1 () and 2 (), with 0 
1 ()  ̂ ()  2 () ≤ ∗ (), such that ̃ ( )  0 for all  ∈ (1 ()  2 ()).
Now consider the maximization problem in (2.2). Denote the objective function as
 (  ) ≡ ∆ ( ) −  ()  () 
Consider the optimal choice of . When  approaches the natural upper bound ̄ ≤ ∞,
the assumption, lim→̄

()


= ∞, implies lim→̄

()


 0. Thus, the optimal  satisfies

 ()  ̄. At the lower bound  = 0, it is clear that  (0  ) = 0. (A.2) implies
∆ ( ) |=0 ≥

 ()−
+

which, in turn, implies:

1 (0  ) = ∆ ( ) |=0 −  () 0 (0) ≥ ̃ ( ) 
Recall that ̃ ( )  0 for all  ∈ (1 ()  2 ()), where 1 and 2 are characterized after
(A.4). For such levels of , 1 (0  )  0, in which case  (  )   (0  ) = 0 for
suﬃciently small   0. Thus, the optimal choice of  satisfies  ()  0.
To prove that the optimal  is interior, use (A.2) to derive:
+ [0 ()  −  ()]
 ( ) −  − ( + )  () ()
 (  )

=


++
where  =  ( ) and I have substituted 1 from (A.3). Note that  (∗ ()  ) = 0.
Because 1 (∗ ()  ) = 0 and 0  0, then 2 ( ∗ ()  )  0 and, hence, the optimal
 satisfies  ()  ∗ (). (3.7) implies  (0 ) =  () ∗ ()  ∞, and so (A.3) yields

−11 (0 ) = 00 ( (0 ))  ()  ∞. With this result, the assumptions 1 (0 ) = ∞ and

0 (0) = 0 imply 2 ( 0 ) = ∞. Thus, the optimal  satisfies  ()  0. I will develop a

tighter lower bound,  (), on  () later.
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(iii) Conditions (3.12) and (3.13), and their solutions for diﬀerent : Because the solution to the search problem is interior, it satisfies the first-order conditions, which are (3.12)
and (3.13). To prove that the solution is distinct for distinct skill levels, consider any two
diﬀerent levels, 1 and 2 . Suppose  (1 ) =  (2 ) and  (1 ) =  (2 ), contrary to the
distinct solution. Then (3.12) implies 1 ( 1 ) = 1 ( 2 ), which contradicts the result
12 ( )  0 established by (A.14) later.
(iv) The results  ()   () and  ( ()  )  0, where  () is defined by (3.10): By
(3.7),  ()   () implies  ( ()  )  0. To prove  ()   (), divide (3.12) by (3.13)
to obtain:  () 1 ( ) = 1 0 () ∆ ( ). Because  ≡

0 ()
()

 1, then

 () 1 ( ) − 0 () ∆ ( )  0
This relationship changes into equality if  =  (). Examine the expression on the lefthand side of the above inequality. The expression strictly decreases in  for all  ≤ ∗ ().
Because 1 (0 ) = ∞ and  (0 ) = 0, then 1 (0 )  0 and ∆ (0 ) ≤ 0, and so the
expression is positive at  = 0. Also, since 1 ( ∗ ()  ) = 0 and 0   (∗ ()  )  ∞,

then 1 ( ∗ ()  ) = 0 and ∆ (∗ ()  )  0. The expression is negative at  = ∗ ().
Thus, there exists a unique  () ∈ [0 ∗ ()] that sets the above expression to 0. Because
the expression is negative at , then  ()   ().
(v) The solution to the search problem in (2.2) is unique: I show that (3.12) and (3.13)
have a unique solution. Use (3.13) to solve:
 =  ( ) ≡ 0−1 (

∆ ( )
)
 ()

(A.5)

Substituting into (3.12) yields  ( ) = 0, where
¯

 () ¯¯
¯
 ( ) ≡  ()
− 1 ( ) 
 ¯=()
0

Fix . If 1 ( )  0 for all interior  such that  ( ) = 0, then there is a unique
solution of  to  ( ) = 0 for each , in which case  () is also unique for each .
Consider any interior  that solves  ( ) = 0. From (A.5), I can compute 1 ( ) =
1
00

(1 − 0 0 ), where I have substituted ∆ = 0 () . Diﬀerentiate  with respect to :
00
0 ( − 1)2 
1 ( ) = −11 + 0 1 −
1 

 2 00
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(A.6)

Substituting (A.3) and (3.7) yields:


00  0  ( − 1)2 
00 () 
+ 0 −
1 ( ) = 0

1
 () ∗ () − 


2 00

(3.11) ensures 1 ( )  0 for all  ∈ [ ()  ∗ ()] and, hence, guarantees uniqueness of
the solution to the search problem in (2.2). QED
Proof of Proposition 3.4:
I derive (0 ()  0 ()) and prove (3.14) and (3.15). The envelope conditions of  for
(2.4) and (2.2) yield:
Z ∞

0
2 ( ( )  ) −(+)( −) d
 () +
2 ( ()  ) =
+


0 () =

2 ( )

+

(A.7)

(A.8)

where I switched the indices  and  . Because 2  0, then 2 ( )  0 and 0 ()  0 for
any given . Diﬀerentiating (3.12) and (3.13) yields:
"

0 ()
0 ()

where  =

0


#

=

1
00 1 ( )

"

00 121 − ∆2 ( − 1)
00
( 0 − 111 )∆2 − ( − 1) 12

#

(A.9)

( 1) and (A.6) shows 1  0. The arguments of (1  11  12  ∆2 ) are ( )

and I substituted ∆1 ( ) = 1 ( ). To determine the signs of 0 () and 0 (), I need
to compute ∆2 ( ) and 12 ( ).
To compute ∆2 ( ), I diﬀerentiate ∆ in (A.2) with respect to  by fixing  but taking
the dependence  () into account. Substituting (3.1) and (3.13) into the result, I get:
∆2 ( ) =

2 ( ) + 12  ( )

++

(A.10)

To compute 12 , diﬀerentiate (A.7) with respect to :
12 ( ()  )  () = −2 ( ()  ) + ( + )

Z ∞


2 ( ( )  ) −(+)( −) d
(A.11)

This holds for all  ≥ 0. Set  = 0. Using (3.6), I approximate 2 ( ) near  =  as
³

´

2 ( ) ≈ 2 ( ) + 12 ( ) (∗ − ) 1 − − 
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(A.12)

The last term comes from substituting  from (3.6). With this, I compute:
Z ∞
0

−(+)

2 ( ()  ) 

"

#

1
12 ( )
d ≈
2 ( ) +
 ( ) 
+
++

(A.13)

where  ( ) =  (∗ − ). Set  = 0 in (A.11). Substituting (A.12) and (A.13) yields:
12 ( ) ≈

12 ( )
 0
++

(A.14)

Substitute (A.10), (A.14) and (A.3) into (A.9):
0 () ≈
0 () ≈

(−1)
(++)00 1
00
00 ()

+ 0 ()
0

(++)00 1

n

n

o

12 ()
(2 − ) ++
− 2 ( )

(A.15)

o

12 ()
2 ( ) − (1 − ) ++


where  =  ( ), and (1  2 ) are defined by (3.16). Because 1  0 and   1, then
(A.15) implies (3.14) and (3.15). Also, 1  0 implies 2  1 . Clearly, 1  0 and 2  0.
To determine the signs of 2 ( ) and

d

d

( ()  ), diﬀerentiate the relationship

1 ( ) = 0 ( ( )) in (A.3) with respect to . This yields:
2 ( ) =

12 ( )
 0 for all   ∗ () 
( ( ))

00

where the inequality follows from a result similar to (A.14). Since 1 ( ) = − (), then
12 ( )
d
 ( ()  ) =
−  () 0 () 
d
00 ()
(A.14) shows 12  0. If 0 () ≤ 0, then (A.16) shows

(A.16)
d

d

( ()  )  0.25

Finally, I prove that 0 () ≤ 0 implies 0 ()  0. Suppose 0 () ≤ 0. The first

12 ()
, and so
relationship in (A.15) implies 2 ( ) ≥ (2 − ) ++

2 ( ) − (1 − )

12 ( )
12 ( )
≥ (2 − 1 )
 0
++
++

In this case, the second relationship in (A.15) implies 0 ()  0. QED
25

Note that I obtained this derivative by diﬀerentiating (3.1), instead of (3.7), with respect to . (3.7)
is an approximation. Diﬀerentiating (3.7) may yield an ambiguous result.
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B. Proof of Proposition 4.2
To compute the distribution  (|), consider the group of workers of skill  who are employed with capital stocks greater than . The measure of this group is  () [1 −  (|)],

with  ( () |) = 0 and  (∗ () |) = 1. Consider any  ∈ ( ()  ∗ ()). Let d be an
arbitrarily small interval of time such that  −  ( )d   (). In this time interval, the

workers who are employed with capital stocks in the interval ( −  ( )d ] flow into
the described group as a result of investment. This inflow is:
 (|) −  ( −  ( ) d|)
=  () 0 (|)  ( ) 
 () lim
d→0
d
Exogenous separation generates the outflow,  ()  [1 −  (|)]. Equating the inflow and
outflow yields:
0 (|)

=

1 −  (|)
 ( )

(B.1)

Approximating the dynamics of ( ) by (3.4), then  ( ) satisfies (3.7). Substituting
into (B.1), integrating from  () to , and using  ( () |) = 0, I obtain the cumulative

distribution function in the first equality in (4.3). From (3.7), ∗ () −  = ( ) ()
for all  ∈ [ ()  ∗ ()]. Substituting this relationship yields the second equality in (4.3).

The corresponding density function is



[∗ () − ] () −1 [∗ () −  ()] () 
0 (|) =
 ()
It is easy to verify that 00 (|)  0 if and only if  ()  .
For any fixed , diﬀerentiating (4.3) with respect to  yields:
() 
− (1−)
 =  ( ) 0 () + [1 −  ( )] ∗0 () −


Thus,


 (|)


 0 ()()
 2 ()

ln  ( )

 0 for all  ∈ ( ()  ∗ ()) if and only if (4.5) holds. If 0 ()  0, then

(4.5) is violated for  suﬃciently close to  (), because  ( ) is suﬃciently close to 1 for
such values of . Thus, 0 () ≥ 0 is necessary for (4.5) to hold. To prove that 0 () ≥ 0 is
also suﬃcient for (3.7) to hold, suppose 0 () ≥ 0 and consider interior  ∈ ( ()   ()).

Note that (3.7) implies 2 ( ) =  0 () [∗ () − ] +  () ∗0 (). Because 2 ( )  0
by Proposition 3.4, then

 0 ()
 2 ()



−∗0 ()
.
(())

For all interior ,  ( ) ∈ (0 1), and so
0

() 
 ≥ [1 −  ( )]  ∗0 () −  ()()
ln  ( ) 
− (1−)

 2 ()
 [1 −  ( ) +  ( ) ln  ( )]  ∗0 () 
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The function (1 −  +  ln ) is strictly decreasing in  for all  ∈ (0 1), and it is equal to


0
0 at  = 1. Thus, the function is strictly positive for all  ∈ (0 1). This shows − 

for all interior .
To compute the expected value of  for any given , I substitute  (|) from (4.3) into
(4.2) and integrate by parts. This yields the first equality in (4.4). The second equality in
(4.4) follows from  ( ) =  () [∗ () −  ()]. Diﬀerentiating the first equality in (4.4)
with respect to , I can verify that  (|) increases in  if and only if
  0 ()
0 () +  () ∗0 ()
+
 0
 ∗ ()
 () + 

(B.2)

Even if 0 ()  0, (B.2) can still hold. Thus, 0 () ≥ 0 is not necessary for (B.2) to
hold. For suﬃciency, note that PAM-D implies PAM-M. Because 0 () ≥ 0 is suﬃcient
for PAM-D, then it is also suﬃcient for

d

d

(|)  0.26 QED

C. Proof of Proposition 5.1
Assume  () =  () for all , which I will verify later. Then (5.3) is the same as (2.3),
and so   () =  () for all . By (5.5), it is clear that a firm’s optimal investment under
any given Ω maximizes the joint value   . As a result, equilibrium investment is socially
eﬃcient, i.e.,  ( ) =  ( ()  ), provided that the initial  (0) =  is socially eﬃcient
which I will prove below.
To prove that the optimal search choice is socially eﬃcient, note that it is always optimal
for a worker to search in a submarket where the market tightness and, hence, the job-finding
rate is strictly positive. In such a submarket (  ), (5.2) implies  (   0) =

()
,
()

where  = ̃ (  ). With  (   0) =  ( ) − , this further implies
 =  ( ) −

 ()
.
 ()

(C.1)

d
To directly prove that 0 () ≥ 0 is suﬃcient for d
 (|)  0, suppose 0 () ≥ 0. If  0 () ≥ 0, then
d
0
(B.2) shows d  (|)  0. If  ()  0, diﬀerentiate the second equality in (4.4) to obtain:
26

dd
dd
  0 ()
d
 0 () +
 (|) = 0 () +
−

d
 () +  [ () + ]2
 () + 
i
h
12
d
1
0
 (|)  ()+
where  =  ( ()  ). Substituting (A.16) yields: d
00 () +  () . Since 12  0,

then 0 () ≥ 0 implies

d
d 

(|)  0.
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Using this equation to substitute , I can express a worker’s search choices as ( ), instead
of ( ), and rewrite (5.1) as


"

#

 ()
() =  + max   ( ) −
−  () 
()
 ()

(C.2)

Because  =  (), (C.2) is the same as (2.2) in the planner’s problem. The two equations
solve for the same function. That is,  () =  () for all . In addition, optimal search
choices ( ) in the equilibrium are the same as the planner’s allocation, because they solve
the same maximization problem. In particular, the initial capital in a match,  (0) = , is
socially eﬃcient. Then, (C.1) implies (5.8).
To characterize the bargaining result, it is simpler to treat the worker value Ω, instead
of the wage path, as the object to be bargained. Substitute  from (5.5) into the bargaining
problem in (5.7). It is easy to verify that the solution for Ω to the bargaining problem
satisfies:
Ω ( ()   ) −  () =  [ ( ()  ) −  ()] 

(C.3)

where I have substituted the earlier results   =  and  =  . To recover wages from
the bargaining result, substitute Ω from (C.3) into (5.4) to obtain:
( + ) [  ( ()  ) −  ()] =

1
d
[ ( ()   ) −  ()] +   ( ()  ) 

d

Subtracting this equation from (5.3) yields (5.9). QED
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D. Procedures of Calibration and Computation
The model is calibrated at the monthly frequency. The discount rate  is determined by
the target, (1 + )3 = 10125. The parameters (  ) are chosen to allow the model to
match the targets on the average capital share and the ratio of home production to the
average net output in the market. This procedure requires  = 053 and
The condition, 1 (∗ ()  ) = 0, implies 0 =




normalization ∗ ( ) = 100.

³

∗ ()


´1−


 ∗ ( )

= 032.

, which determines 0 under the

The monthly transition rate from employment to unemployment is  = 0026, which
is taken from the Current Population Survey (CPS). The average unemployment rate is
targeted to 006. Let ̂ be the skill of workers at this average ; i.e., (̂) = 006. I
identify ( 0 ) using the market tightness, , and the elasticity of the job-finding rate with
respect to the market tightness, 1 . Because both statistics depend on the skill, I apply
the targets to skill ̂ workers whose unemployment rate is at the average level, 006. The
market tightness comes from Pissarides (2009) who derives the value from the Job Openings
and Labor Turnover Survey (JOLTS) and the Help-Wanted Index. The parameter value
 = 05 implies that in the submarket searched by such workers, the job-finding rate varies
with the tightness with an elasticity

1


≡

d ln 
d ln ( )

= 0362. This value lies within the range

used in the literature.27 For skill ̂ workers, the job-finding rate the steady state yields
(̂) = ( (1̂) − 1) = 0407 and

target

1
(̂)

1
(̂)

≡

d ln (̂)
d ln ((̂))

= 1 −  (̂). The value  = 05 delivers the
³

´

= 0362. Since this step has used two targets, (̂) (̂) , and determined only

one parameter, , it leaves the target on  to be used later. With the target (̂) = 072,
h

i1

the matching function yields 0 = (̂) − (̂) − 1

= 02313.

The remaining parameters, (1  0  1 ), minimize the distance between the model and
27

Shimer (2005) estimates this elasticity as 027, but Pissarides (2009) uses the estimate 05.

1
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three targets: the unemployment rates at  ,  and  . The distance measure is:
 (%) ≡

h

1 [ ( ) − 010]2 + 2 [ ( ) − 006]2

+3 [ ( ) − 003]2

i12

× 100%

where (1  2  3 ) are weights on the targets, with 1 + 2 + 3 = 1. I use 1 = 03, 2 = 04
and 3 = 03. The target on the unemployment rate at  is given relatively higher weights
in order for the average unemployment rate to be close to the target 006. Table 3 lists
the result of this minimization and some other statistics. The unemployment rates are
higher than the targets at  and  , and lower than the target at  . The average
unemployment rate is close to the target. So is the ratio of home production to average
market output. The average capital share is lower than the target. This discrepancy is
small and can be a good outcome. The actual capital share in the model can be higher
than the definition which excludes the vacancy cost and the adjustment cost of investment.
Table 3. Performance of the calibration
Model Targets
Model Targets
 ( ) 0118
0100
average 
0061
006
home production
 ( ) 0056
0060
0397
040
average 
average
 ( ) 0046
0030
0341
036
share of 
To compute the social optimum, I substitute 1 ( ) = 0 ( ( )) from (3.1) into
(A.2) to obtain:
 ( ) −  +  ()  () + [0 ()  −  ()]
∆ ( ) =

++

(D.1)

where  =  ( ) is given by (3.7). Substituting this expression for ∆ and 1 ( ) =
0 ( ( )), I rewrite (3.12) and (3.13) as
0 ( ( )) = 0 ()

 ()


(D.2)

 ( ) −  +  ()  () + [0 ()  −  ()]
=  () 0 () 
++

(D.3)

These two equations determine ( ). In fact,  can be solved first as a function of  from
(D.2) and then substituted into (D.3) to solve .28 Once ( ) are solved, I can compute
28

Equations (D.2) and (D.3) can also be used to prove Proposition 3.4. Doing so generates expressions for
 () and 0 () that are equivalent to those in (A.9), with 1 and 11 being obtained from diﬀerentiating
(3.8) with respect to .
0
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{ ()   ()}≥0 by (3.6) and compute the distribution of workers and capital according to
section 4.

Wages in the equilibrium are computed according to (5.9).

E. The Non-Linearized Model
The non-linearized dynamic system formed by (3.3) and (2.1) has no analytical solution. To
check the accuracy of linearized dynamics, I compute the non-linearized model numerically
with the parameter values calibrated in section 6.1. The computation centers around the
iteration on the value function. In fact, it is more accurate to iterate on the gain from a
match, ∆( ), defined by (3.8). Subtracting (2.2) from (2.3) yields:
( + ) ∆ ( ) =  ( ) −  + max [∆1 ( )  −  ()]
− max() [∆ ( ) −  ()  ()] 

(E.1)

Similarly, rewrite (2.2) as
 () =  + max [∆ ( ) −  ()  ()] 

(E.2)

()

The iteration uses Chebyshev projection and follows Steps 1-4 below:
Step 1. Discretize the support of  into {1  2    }, which are the zeros of the

Chebyshev polynomials of . Similarly, discretize the support of  into {1  2    }.

Construct the Chebyshev basis for each of the two state variables.

Step 2. Start with initial guesses of the coeﬃcients of the Chebyshev polynomials that
approximate ∆ ( ) and  (). Compute the right-hand sides of (E.1) and (E.2). The
derivative ∆1 ( ) is computed forward; that is, ∆1 ( ) =

∆(+)−∆()


for a small

  0. For any  not in the discretized support, use Chebyshev projection to compute
the values of functions. For example,  in ∆ ( ) and ( + ) in the computation of
∆1 ( ) typically do not lie in the discretized support of . Use grid search to solve the
two maximization problems.
Step 3. Update ∆ ( ) and  () on the discretized grid. For ∆, use the following
rewritten form of (E.1) to update:
∆ ( ) =

1
[∆ ( ) + (E.1) d] 
1 + ( + ) d

Choose d  0 to be relatively small. This mimics the discrete-time equation. Update
 () Similarly.
3
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Step 4. Use the updated values of ∆ and  on the grid to compute the updated
coeﬃcients of the Chebyshev polynomials for the approximation of ∆ and  .
Repeat Steps 1-4 until the Chebyshev coeﬃcients converge. The policy functions representing the optimal choices are the results of Step 2 in the final iteration.
With the computed value and policy functions, I compute the time paths of (  )
and the distribution of workers. The time path of  comes from integrating (3.3), with
the policy function  ( ) replacing . Substitute  () into  ( ()  ) and  ( ()  )
in (5.9). For the within-skill distribution,  (|), note that it obeys (B.1) where ( )
is now the policy function in the non-linearized model. Integrating (B.1) yields  (|).
Other variables and statistics can be computed accordingly.
The non-linearized model yields results similar to the linearized model. Figures E1 through E-5 present the results in the non-linearized model. The counterparts in the
linearized model are Figures 3 through 7. The main similarities are as follows:
(i) The initial assignment is NAM and the matching rate increases in the skill;
(ii) The time path of the capital stock for a higher skill starts below that for a lower skill
and overtakes the latter quickly;
(iii) A higher skill has higher net output throughout the match and the slope of net output
is steeper for a higher skill (The time path of wages has similar features and is not depicted);
(iv) Within each skill, the density of capital among worker is a decreasing function;
(v) PAM-M holds, and the within-skill means of net output and wages increase in the skill;
(vi) Frictional gaps in capital and net output are significant;
(v) There is sizable within-skill inequality, measured by the coeﬃcient of variation and the
mean-min ratio.
The main diﬀerence between the non-linearized model and the linearized model lies
in the initial assignment. The capital stock in the initial assignment is lower and the
matching rate is higher in the non-linearized model than in the linearized model. A lower
capital stock in the initial assignment means that the social optimum delays more capital
accumulation to the time after a match is formed. As a result, the non-linearized model has
higher investment than in the linearized model (not depicted). Because the linearization
under-represents the importance of the matching rate and post-match investment in the
social optimum, the bias works in the favor of the model’s main messages.

4

Electronic copy available at: https://ssrn.com/abstract=3240652

0.6

Initial assignment

0.55
0.5
0.45

matching rate p(h)

0.4

initial capital phi(h) / 10

0.35
0.3
0.5

0.6

0.7

0.8

0.9

1

Worker skill h

Figure E-1. Initial assignment  () 10 and matching rate  ()
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Figure E-2. Capital and net output over time for skills (     )
The quantitative diﬀerences are small between Figures E-2 through E-5 and their counterparts in the linearized model, and these diﬀerences trace back to the diﬀerence in the
initial assignment. Relative to Figure 4, the time paths of capital for diﬀerent skills cross
each other earlier in Figure E-2, and the slope of the time path of net output is steeper.
Both diﬀerences arise from the fact that investment is higher in the non-linearized model.
For the same reason, the within-skill means in Figure E-4 have slightly steeper slopes than
in Figure 6. Within-skill inequality measured by the mean-min ratio is larger in Figure
E-5 than in Figure 7 because workers start with lower capital stocks in the non-linearized
model.
5

Electronic copy available at: https://ssrn.com/abstract=3240652

0.03

Density G'(k |h)

0.025

G ' (k |hL)
G ' (k |hm)

0.02

G ' (k |hH)
0.015
0.01
0.005
0
0

5

10

15

20

25

30

35

40

45

50

Capital stock k

Figure E-3. The density of capital among skill  workers over capital: 0 (|)
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Figure E-5. Coeﬃcient of variation and mean-min ratio in net output 
and wages  among skill- workers
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